Constacyclic codes are important classes of linear codes that have been applied to the construction of quantum codes. Six new families of asymmetric quantum codes derived from constacyclic codes are constructed in this paper. Moreover, the constructed asymmetric quantum codes are optimal and different from the codes available in the literature.
Introduction
Quantum error-correcting codes have gained prominence since the initial discovery of Shor 1 and Steane 2 . In 1998, Calderbank et al. 3 presented systematic methods to construct binary quantum codes, called stabilizer codes or additive codes, from classical error-correcting codes. Since then the field has made rapid progress, many good binary quantum codes were constructed by using classical error-correcting codes, such as BCH codes, Reed-Solomon codes, Reed-Muller codes, and algebraic geometric codes (see Refs. [4] [5] [6] [7] [8] . The theory was later extended to the nonbinary case, since the realization that nonbinary quantum codes can use faulttolerant quantum computation (see Refs. [9] [10] [11] [12] [13] . Recently, a number of new types of quantum codes, such as convolutional quantum codes, subsystem quantum codes have been studied and the stabilizer method has been extended to these variations of quantum codes (see Refs. [14] [15] .
Asymmetric quantum error-correcting codes(AQECC) are quantum codes defined over quantum channels where qudit-flip errors and phase-shift errors may have different probabilities. AQECC was first studied by Steane in [16] . Since then, the construction of quantum codes have extended to asymmetric quantum channels. Loffe et al. 17 utilize BCH codes to correct qubit-flip errors and LDPC codes to correct more frequently phase-shift errors. AQECC derived from LDPC codes and BCH codes were also constructed in [18] [19] [20] [21] . Stephens et al. 22 consider the investigation of AQECC via code conversion. Wang et al. 23 presented the construction of nonadditive AQECC as well as constructions of asymptotically good AQECC derived from algebraic-geometry codes. Ezerman et al. 24 presented the construction of AQECC under the trace Hermitian inner product. Ezerman and Ling 25 studied two systematic construction of AQECC. Chee et al.
26
constructed pure q-ary AQECC and some of these codes attain the quantum Singleton bound. Recently, Ezerman et al. 27 also studied the pure AQECC and some optimal codes are obtained. A variety of the constructions of new AQECC were presented in [28] [29] [30] [31] .
AQECC attain the quantum Singleton bound are called optimal. Until now, just several families of optimal AQECC have been constructed. Chee 
33 constructed two families of optimal AQECC derived from negacyclic codes. In this paper, we constructed six new families of optimal AQECC derived from constacyclic codes. They are given by
where n = λ(q − 1), λ = (q + 1)/r, r = 2 is an even divisor of q + 1 and
where n = 2λ(q + 1), λ is an odd divisor of q − 1, q ≡ 1 mod 4, and 1 ≤ t ≤ s ≤ (q − 1)/2 + 2λ. The paper is organized as follows. In Section 2, some definitions and basic results of constacyclic codes are reviewed. In Section 3, we recall some basic definitions of asymmetric quantum codes. In Section 4, six classes of optimal asymmetric quantum codes are constructed. Section 5 concludes the paper.
Review of Constacyclic Codes
Let F q 2 be the Galois field with q 2 elements, where q is a power of a prime p.
where η is a nonzero element of F q 2 . Each codeword c = (c 0 , c 1 , . . . , c n−1 ) is customarily identified with its polynomial representation c(x) = c 0 + c 1 x + · · · + c n−1 x n−1 , and the code C is in turn identified with the set of all polynomial representations of its codewords. Then in the ring
x n −η , xc(x) corresponds to a η-constacyclic shift of c(x). It is well known that a linear code C of length n over F q 2 is η-constacyclic if and only if C is an ideal of the quotient ring
x n −η . Moreover,
x n −η is a principal ideal ring, whose ideals are generated by monic factors of x n − η, i.e., C = f (x) and f (x)|(x n − η). The Hermitian inner product is defined as
The vectors x and y are called orthogonal with respect to the Hermitian inner product if x, y = 0. For a q 2 -ary linear code C of length n, the Hermitian dual code of C is defined as
A linear code C of length n over F q 2 is called Hermitian self-orthogonal if C ⊆ C ⊥H , and it is called Hermitian self-dual if C = C ⊥H . We assume gcd(q, n) = 1. Let δ be a primitive rnth root of unity in some extension field of F q 2 such that δ n = η. Let ξ = δ r , then ξ is a primitive nth root of unity. Hence,
Let Ω = {1 + ir|0 ≤ i ≤ n − 1}. For each j ∈ Ω, let C j be the q 2 -cyclotomic coset modulo rn containing j. Let C be an η-constacyclic code of length n over F q 2 with generator polynomial g(x). Then the set Z = {j ∈ Ω|g(δ j ) = 0} is called the defining set of C. It is clearly to see the defining set of C is a union of some q 2 -cyclotomic cosets modulo rn and dim(C) = n − |Z|. It is also easily to see C ⊥H has defining set
The following results in [34, 35] play an important role in constructing asymmetric quantum codes.
Theorem 2.1 (The BCH bound for constacyclic codes) Assume that gcd(q, n) = 1. Let C = g(x) be an η-constacyclic code of length n over F q 2 with the roots {δ 1+ir |0 ≤ i ≤ d − 2}, where δ is a primitive rnth root of unity. Then the minimum distance of C is at least d.
Lemma 2.3 Let C i be an η-constacyclic code of length n over F q 2 with defining set Z i for i = 1, 2. Then C 1 ⊆ C 2 if and only if Z 2 ⊆ Z 1 .
Asymmetric Quantum Codes
In this section, we recall some basic definitions and results of asymmetric quantum codes. More details we refer to [10, [28] [29] [30] [31] .
Let H be the Hilbert space
where C q denotes a q-dimensional complex vector space representing the states of a quantum mechanical system. Let |x be the vectors of an orthonormal basis of C q , where the labels x are elements of F q . Let a, b be two elements of F q . The unitary operators X(a) and Z(b) on C q are defined as X(a)|x = |x + a and Z(b)|x = ω tr(bx) |x , respectively, where tr is the trace map from F q to the prime field F p and ω = exp(2πi/p) is a primitive pth root of unity. Let
by the tensor products of n error operators. The set ε n = {X(a)Z(b)|a, b ∈ F n q } is an error basis on C q and the set G n = {ω c X(a)Z(b)|a, b ∈ F n q , c ∈ F p } is the error group associated with ε n .
For a quantum error e = ω c X(a)Z(b) ∈ G n , the quantum weight w Q (e), the X-weight w X (e) and the Z-weight w Z (e) of e, are defined respectively as The following well-known CSS construction shown in [18] [19] [20] 
Code Construction
In this section, we construct six classes of asymmetric quantum codes based on constacyclic codes over F q 2 .
Construction I
In this section we construct asymmetric quantum codes from constacyclic codes of length n = λ(q − 1) with λ a divisor of q + 1 over F q 2 , where the classical codes are endowed with the Hermitian inner product. Let r = (q + 1)/ gcd(v, q − 1) be even, for some v ∈ {1, 2, . . . , q}. Let η = ω v(q−1) and λ = (q + 1)/r. For each 0 ≤ j ≤ n − 1, note that the q 2 -cyclotomic coset containing 1 + jr modulo rn has only one element 1 + jr. The following Lemma from [13] plays an important role in the asymmetric quantum codes construction.
Lemma 4.1 [13, Lemma 3.1] Let r = (q + 1)/ gcd(v, q − 1) be even, for some v ∈ {1, 2, . . . , q}. Let n = λ(q − 1) with λ = (q + 1)/r. Suppose that C is an η-constacyclic code of length n over F q 2 with defining set Z = 
2) if r = 2 and 1 ≤ δ ≤ (q − 1)/2, then C ⊥H ⊆ C.
If r = 2, then n = (q 2 − 1)/2 and C is a negacyclic code over F q 2 . Now we give the first construction of this paper: Theorem 4.2 Let q be an odd prime power, and n = (q 2 − 1)/2. Then there exist asymmetric quantum codes with parameters [[n, n − s − t, (s + 1)/(t + 1)]] q 2 , where s, t are positive integers and 1 ≤ t ≤ s ≤ q − 1.
Proof. Suppose C 2 is a negacyclic code over F q 2 of length n with defining set Z 2 = t i=1 C 2i−1 , where 1 ≤ t ≤ q − 1. Then the dimension of C 2 is n − t. Observe that Z 2 consists of t consecutive odd integers {1, 3, . . . , 2t − 1}. From the BCH bound for constacyclic codes, the minimum distance of C 2 is at least t + 1. From Proposition 2.2, we can see that the minimum distance of C 2 is t + 1. Hence, C 2 is a negacyclic code with parameters [n, n − t, t + 1] q 2 . Now, suppose C 1 is a negacyclic code over F q 2 of length n with defining set
⊆ C 1 and the dimension of C 1 is n − s. Observe that Z 2 consists of s consecutive odd integers {1, 3, . . . , 2s − 1}. From the BCH bound for constacyclic codes, the minimum distance of C 1 is at least s + 1. From Proposition 2.2, we get the minimum distance of C 1 is s + 1. Hence, C 1 is a negacyclic code with parameters [n, n − s, s + 1] q 2 . It is clearly to see that C If r = 2, we can get the following asymmetric quantum codes: Proof. Let η = ω λ(q−1) , where ω is a primitive element of F q 2 . Let C 2 be the η-constacyclic code over F q 2 of length n with defining set Z 2 = t i=1 C 1+r(i−1) , where 1 ≤ t ≤ (q − 1)/2. Then the dimension of C 2 is n − t. Observe that Z 2 consists of t odd integers {1, 1 + r, 1 + 2r, . . . , 1 + (t − 1)r}. The minimum distance of C 2 is at least t + 1 from Theorem 2.1. Furthermore, we can see that the minimum distance of C 2 is t + 1 from Proposition 2.2. Hence, C 2 is an η-constacyclic code with parameters [n, n − t, t + 1] q 2 . Now, suppose C 1 is an η-constacyclic code over F q 2 of length n with defining set Z 1 = Table 1 .
Construction II
In this section we construct asymmetric quantum codes from constacyclic codes of length n = λ(q + 1) with λ an odd divisor of q − 1 over F q 2 , where the classical codes are endowed with the Hermitian inner product. Let v = (q + 1)/2, then η = −1. It is easy to see that 2n divides q 2 − 1. Hence, for each odd i in the range 1 ≤ i ≤ 2n, the q 2 -cyclotomic coset C i modulo 2n is C i = {i}. Proof. Suppose C 2 is a negacyclic code over F q 2 of length n with defining set Z 2 = t i=1 C 2i−1 , where 1 ≤ t ≤ (q − 1)/2 + λ. Then the dimension of C 2 is n − t. Observe that Z 2 consists of t consecutive odd integers {1, 3, . . . , 2t − 1}. From Theorem 2.1, the minimum distance of C 2 is at least t + 1. From Proposition 2.2, we can see that the minimum distance of C 2 is t + 1. Hence, C 2 is a negacyclic code with parameters [n, n − t, t + 1] q 2 . Now, suppose C 1 is a negacyclic code over F q 2 of length n with defining set Proof. Suppose C 2 is a negacyclic code over F q 2 of length n with defining set Z 2 = t i=1 C 2i−1 , where 1 ≤ t ≤ (q − 1)/2 + 2λ. Then the dimension of C 2 is n − t. Observe that Z 2 consists of t consecutive odd integers {1, 3, . . . , 2t − 1}. From Theorem 2.1, the minimum distance of C 2 is at least t + 1. From Proposition 2.2, we can see that the minimum distance of C 2 is t + 1. Hence, C 2 is a negacyclic code with parameters [n, n − t, t + 1] q 2 . Now, suppose C 1 is a negacyclic code over F q 2 of length n with defining set Z 1 = Example 4.10 Let q = 7 and λ = 3, then n = λ(q + 1) = 24. Applying Theorem 4.7 produces asymmetric quantum codes in Table 3 .
Construction III
In this section, we construct asymmetric quantum codes with a special length n = (q 2 + 1)/5 over F q 2 .
Lemma 4.12 [13, Lemma 3.12] Let n = (q 2 + 1)/5 and k = (q 2 + 1)/2. Then, for any integer i ∈ Ω = {1 + (q + 1)j|0 ≤ j ≤ n − 1}, the q 2 -cyclotomic coset C i modulo (q + 1)n is given by 1) C k = {k} and C k+n(q+1)/2 = {k + n(q + 1)/2}. Proof. Let k = (q 2 + 1)/2. Suppose C 2 is a q 2 -ary ω q−1 -constacyclic code of length n = (q 2 + 1)/5 with defining set Z 2 = t i=0 C k−(q+1)i , where 0 ≤ t ≤ (q + 1)/4. Then the dimension of C 2 is n − (2t + 1). Observe that Z 2 consists of 2t + 1 consecutive integers {k − (q + 1)t, . . . , k − (q + 1), k, k + (q + 1), . . . , k + (q + 1)t}. From Theorem 2.1, the minimum distance of C 2 is at least 2t + 2. From Proposition 2.2, we can see that the minimum distance of C 2 is 2t + 2. Hence, C 2 is a q 2 -ary ω q−1 -constacyclic code with parameters [n, n − (2t + 1), 2t + 2] q 2 . Now, suppose C 1 is a q 2 -ary ω q−1 -constacyclic code of length n = (q 2 + 1)/5 with defining set Z 1 = s i=0 C k−(q+1)i , where 0 ≤ t ≤ s ≤ (q + 1)/4. Similar to the discussion of C 2 , C 1 has parameters [n, n − (2s + 1), 2s + 2] q 2 . Then from Lemma 2.3 and Theorem 3.2, there exist asymmetric quantum codes with parameters [[n, n − 2(s + t + 1), (2s + 2)/(2t + 2)]] q 2 .
Similar to Theorem 4.14, we have the following result: . By taking the different defining sets of C 1 and C 2 , we can get the optimal asymmetric quantum codes in Table 5 .
